BicimuaangaTuit KuiBcbkuit MaTeMaTudHmnil pecTUBAIb
8-i1 KJjac

1. Kerar 6y3Ky ckaa/1aeThesd i3 KBITOK 3 4 200 b mesfoctkamu. KibKicTh KBITOK Ta 3arajibHa KiJIBKICTb
IIEJIFOCTOK € IIOBHUMM KBaJiparaMu. du MoxKe KiJIbKIiCTh KBITOK 3 4 IeJII0CTKaMU JLIUTHCA Ha KLIBKICTh
KBITOK 3 H IerocTKamMu?
2. Y TypHipi O6pann ydacTb n > 2 KOMaH/, KOKHa 3irpaja 3 KOXKHOIO IHIINOI OJUH pa3 0e3 Hivumix.
8a mopasky komaHga orpumye () OYOK, a 3a ImepeMory — CTLIBKH OYOK, CKIJIbKH y Hel JI0 IbOro OyJsio
mopa3ok. [lpn skux n Bci KOMaHIU MO/ HaOpaTH OJHAKOBY KiJTbKICTH OUOK?
3. Hexait ABC' — piBHOOenpennii TpukyTHUK, B sskomy /BAC = 120°, D — cepequna BC, DE —
Brucota Tpukytanka ADC, M — cepenuna DE. JloBectu, mo BM = 3AM.
4. Ilo xomy croaTh 99 rHOMIB, JiesiKi 3 HUX HOCATH Kalleaioxu. 2Ko/IHI THOMHU Y KalejioxaX He CTOATh
MOPSJT, Ta MiK YKOJIHUMU THOMAMU Y Kallesaioxax He CTOITh PiBHO 48 rHoMiB. fKOT0 € Haitbl/IbITia MOYKIUBA
KIJTbKICTh THOMIB y Kalleroxax’
5. Uu MoxkHA 3aM0BHUTH KATUHKH Tabymii po3mipy 2019 x 2019 momapno pisHuMu HaTypaabHAMU
YUCJIAMI TaK, 10 Y KOKHOMY MPAMOKYTHHUKY po3Mipy 1 X 2 abo 2 X 1 6ijbIie 9ucIo JJIMThCs Ha MEHIIIe,
a BijHomeHns HaiibiIbIIOro Yncaa y TabumIi 10 HaiiMenmmoro e repesuirye 201947

Ha Bukonamns 3aBHaHHS BIABOAUTLCA 4 DOIUHI. Koxkna 3a1a4a o1iHIOETHCSI B 7 OAJIiB.

Bocemuammareiit KneBckuii maremarndeckuii ¢dpecTuBajib
8-11 kJ1acc

1. I'pozab cupenn cocTouT U3 1MBETKOB ¢ 4 win b jenectkaMu. KosimaecTBo 1IBETKOB 1 00ITIee KOJTIMIECTBO
JIETIECTKOB ABJIAIOTCS TTOJTHBIME KBaJiparaMu. MoKeT Jin KOJIM4eCcTBO 1IBETKOB € 4 JleleCTKaMU JIeTUThCS
HA KOJIMYECTBO I[BETKOB C 5 JIEIECTKAMU !
2. B typuupe npunumasin ydactue n > 2 KOMaHJ, KaxKJas ChbIrpaja ¢ KaxKJoW JIpyroi ojuH pas 6e3
HIYIbUX. 3a MOopakeHne KOMaH1a moJydaer () 0O9KOB, a 3a Mobey — CTOJIBKO OYKOB, CKOJIBKO Yy HeE 10
9TOro 660 TIopakennii. [Ipn Kakux n Bce KOMaH/IbI MOTVIH HAOPATH OJTHAKOBOE KOJUIECTBO OUKOB?
3. Ilycrs ABC — paBHOOeIpeHHBIIl TpeyroabHuK, B KoTopoM /BAC = 120°, D — cepeauna BC, DE
— BoicoTa Tpeyroabuuka ADC, M — cepenuna DE. Jlokasats, ato BM = 3AM.
4. Ilo kpyry crodar 99 rHOMOB, HEKOTOpbIE M3 HUX HOCAT NLIANbl. HuKakme rHOMbI B NLIAIIAX HE CTO-
AT PAJIOM U MEXKJIy HUKaKUMHM THOMaMU B ILIAIIAX HE CTOMT PoBHO 48 ronomos. KakoBo mamboJibIiee
BO3MOXKHOE KOJTMIE€CTBO THOMOB B ILISTIAX !
5. MokHO /M 3al0JTHUTH KJIeTKH Tabjuibl pazMepa 2019 x 2019 momapHOo pas3sHBIMU HaTypabHBIMU
qucJIaMIA TaK, 9TO B KaxKJIOM IIPsIMOYTOJIbHUKE pa3Mepa 1 X 2 min 2 X 1 OoJiblliee 9ucIo JAeIUTCs Ha
MeHbIIIee, a OTHOIIeHHe HanboIbIIero YucIa B TabJule K HauMeHbIIeMy He Ipesbimaer 201917

Ha Bpimosnenne 3aaHusI OTBOJSUTCI 4 daca. Kaxkmas 3aga9a onennBaercs B 7 OAJLIOB.

The eighteenth Kyiv mathematical festival
8-th form

1. A bunch of lilac consists of flowers with 4 or 5 petals. The number of flowers and the total number of
petals are perfect squares. Can the number of flowers with 4 petals be divisible by the number of flowers
with 5 petals?
2. There were n > 2 teams in a tournament. Each team played against every other team once without
draws. A team gets 0 points for a loss and gets as many points for a win as its current number of losses.
For which n all the teams could end up with the same number of points?
3. Let ABC be an isosceles triangle in which Z/BAC = 120°, D be the midpoint of BC, DFE be the
altitude of triangle ADC, and M be the midpoint of DFE. Prove that BM = 3AM.
4. 99 dwarfs stand in a circle, some of them wear hats. There are no adjacent dwarfs in hats and no
dwarfs in hats with exactly 48 dwarfs standing between them. What is the maximal possible number of
dwarfs in hats?
5. Is it possible to fill the cells of a table of size 2019 x 2019 with pairwise distinct positive integers in
such a way that in each rectangle of size 1 x 2 or 2 x 1 the larger number is divisible by the smaller one,
and the ratio of the largest number in the table to the smallest one is at most 201947

Time allowed: 4 hours. Each problem is worth 7 points.



BicimuaangaTuit KuiBcbkuit MaTeMaTudHmnil pecTUBAIb
9-i1 KJac

1. Kerdar 6y3Ky ckaa/1aeThbed i3 KBITOK 3 4 200 5 mesmfocrkamu. KibKicTh KBITOK Ta 3arajibHa KiJIbKICTb
MIEeJTIOCTOK € TIOBHUMM KBaJipaTaMyu. du MoOXKe KiJTbKICTh KBITOK 3 4 MeTI0OCTKaMU JILTUTHCA Ha KLIBKICTh
KBITOK 3 ) IeJTI0CTKaMU !
2. ¥V TypHipi Opajn ydacTb n > 2 KOMaHJ, KOXKHa 3irpajia 3 KOXKHOIO IHIIOIO OJIMH pa3 0e3 HivMiX.
3a mopaszky komaHa orpumye () OYOK, a 3a MepeMory — CTIJIbKH OYOK, CKIJTbKN y Hel J0 IOro OyJIo
nopas3ok. [Ipu gxux n Bci Komamnum Moryin HabpaTh OJIHAKOBY KiJIbKICTH OYOK?
3. Hexait a,b,c > 0 ta a+ b+ ¢ > 3. dosectn, mo a* + b® +c? > a® +b* +c.
4. Hexait D — cepeauna ocaou BC' piBHOOeperoro tpukytauka ABC, E — mouka na croponi AC
taka, mo ZCDE = 60°, M — cepequna DE. losectn, mo LAMFE = ZBMD.
5. Uu mMoxkHa 3anmoBHUTH KMTUHKU Tabymii po3mipy 2019 x 2019 momapno pisHumMu HaTypaIbHAMU
YUCTIAMU TaK, IO Y KOKHOMY IPSIMOKYTHUKY Po3Mipy 1 X 2 abo 2 X 1 6iy1bIlie 9mcIo JiIMUTHCS Ha MEHITIE,
a BijHomenns HaitbibIIOro Yncaa y TabamIi 1o HaiiMentmoro e mepesuirye 201947

Ha Bukonanus 3aBiaHHs BIABOAATHCSI 4 TOIWHU. Koxxna 3amada OIiHIOETHCST B 7 6aJIiB.

Bocemuaamnareiii KneBckuii maremarndeckuii (pectTuBasib
9-i1 kJ1acc

1. I'po3b cupenun cocTOUT U3 MBETKOB ¢ 4 min 9 JjiertecTkamu. KojimdecTBo 1IBETKOB U 00ITIee KOJITIECTBO
JIETIECTKOB ABJIAIOTCS MOJHBIME KBaJiparaMu. MozKeT Jin KOJIMIeCTBO IIBETKOB € 4 JICIeCTKAMU JCTUTHCS
Ha KOJIMIECTBO IBETKOB C D JielecTKaMu?
2. B Typuupe npunuMasau ydactue n > 2 KOMAaH/]I, KayKJas CbIlpaJia ¢ KaxKJOoi Jpyroil oauH pas 6e3
HUYBKUX. 3a MOopakeHne KoMaH ia 1oJiydaer () 0O4KOB, a 3a 100e/y — CTOJIBKO OYKOB, CKOJIbKO Yy HeE JI0
9TOor0 OBLIO TIopaxkenuii. [Ipu kKakux n Bce KOMaHIbI MOTJIH HAOpPATh OJIHAKOBOE KOJIMYECTBO OYKOB?
3. Ilyctb a,b,c > 0u a+ b+ c > 3. Jlokazars, aro a* + b3 +c? > a® + 0% + ¢
4. Ilycte D — cepenuna ocnoBannsg BC' paBnobeapernoro tpeyroabanka ABC, F — To4uka Ha CTOpOHE
AC rakas, auro ZCDE = 60°, M — cepemuna DFE. Jlokasarsb, uro ZAMFE = ZBMD.
5. MoxKHO 1 3alOJTHUTH KJIETKH Tabauisl pa3zmepa 2019 x 2019 nomnapHo pasHbIMEU HATYpPAJJIbHBIMU
YUCJAME TaK, UTO B KaXKJIOM IPSIMOYTOJbHUKE pasmepa 1 X 2 mwim 2 X 1 6ojiblliee UUCTIO JEJTUTCA Ha
MeHbIIIee, a OTHOIIeHHe HanboIbIIero YucIa B Tab/une K HauMeHbIIeMy He Ipesbimaer 201947

Ha Bpimonnenue 3aaHus OTBOJIUTCI 4 daca. Kaxknas 3a1a9a onennBaercs B 7 OAJLJIOB.

The eighteenth Kyiv mathematical festival
9-th form

1. A bunch of lilac consists of flowers with 4 or 5 petals. The number of flowers and the total number of
petals are perfect squares. Can the number of flowers with 4 petals be divisible by the number of flowers
with 5 petals?
2. There were n > 2 teams in a tournament. Each team played against every other team once without
draws. A team gets 0 points for a loss and gets as many points for a win as its current number of losses.
For which n all the teams could end up with the same number of points?
3. Let a,b,c >0 and a+ b+ c > 3. Prove that a* + b3 + ¢ > a® + b + c.
4. Let D be the midpoint of the base BC' of an isosceles triangle ABC, E be the point at the side AC
such that ZCDFE = 60°, and M be the midpoint of DE. Prove that ZAMFE = ZBMD.
5. Is it possible to fill the cells of a table of size 2019 x 2019 with pairwise distinct positive integers in
such a way that in each rectangle of size 1 x 2 or 2 x 1 the larger number is divisible by the smaller one,
and the ratio of the largest number in the table to the smallest one is at most 201947

Time allowed: 4 hours. Each problem is worth 7 points.



BicimuaangaTuit KuiBcbkuit MaTeMaTudHmnil pecTUBAIb
10-i1 KJjac

1. Kerdar 6y3Ky ckaa/1aeThbed i3 KBITOK 3 4 200 5 mesmfocrkamu. KibKicTh KBITOK Ta 3arajibHa KiJIbKICTb
MIEeJTIOCTOK € TIOBHUMM KBaJipaTaMyu. du MoOXKe KiJTbKICTh KBITOK 3 4 MeTI0OCTKaMU JILTUTHCA Ha KLIBKICTh
KBITOK 3 ) IeJTI0CTKaMU !
2. Hexait a,b,c > 0 ta abc > 1. Jlosectn, mo a* + b + ¢ > a® + b? + c.
3. Y 1ypHipi Opas ygacTb 2n, n > 2, KOMaH/I, KOXKHa 3irpaJja 3 KOXKHOIO 1HIIOI OJUH pa3 0e3 HidiX.
8a mopasky komana orpumye () 090K, a 3a MePeMOry — CTLIBKH OYO0K, CKIJIbKK Yy Hel /10 Mboro Oy/1o
nopa3ok. [Ipn gxkux n Bci kKomaHu MO HAOpPaTH OJHAKOBY HEHYJIBOBY KiJIBKICTH OYOK?
4. Hexait D — cepeauna ocaou BC' piBHOoOeperoro tpukytauka ABC, E — Touka na croponi AC
taka, mo ZCDE = 60°, M — cepequna DE. losectn, mo LAMFE = ZBMD.
5. Uu mMoxkHa 3anmoBHUTH KMTUHKU Tabymii po3mipy 2019 x 2019 momapno pisHumMu HaTypaIbHAMU
YUCTIAMU TaK, IO Y KOKHOMY IPSIMOKYTHUKY Po3Mipy 1 X 2 abo 2 X 1 6iy1bIlie 9mcIo JiIMUTHCS Ha MEHITIE,
a BiHOIIEHHA HAHOLIBIIIOTO Yucsa y TabJIuIll /10 HaiiMeHIoro ne nepesuirtye 20197

Ha Bukonanus 3aBiaHHs BIABOAATHCSI 4 TOIWHU. Koxxna 3amada OIiHIOETHCST B 7 6aJIiB.

Bocemuaamnareiii KneBckuii maremarndeckuii (pectTuBasib
10-i1 kJjacc

1. I'po3b cupenun cocTOUT U3 MBETKOB ¢ 4 min 9 JjiertecTkamu. KojimdecTBo 1IBETKOB U 00ITIee KOJITIECTBO
JIETIECTKOB ABJIAIOTCS MOJHBIME KBaJiparaMu. MozKeT Jin KOJIMYeCTBO IIBETKOB € 4 JICIECTKAMU JICTUTHCS
Ha KOJIMIECTBO IBETKOB C D JielecTKaMu?
2. Ilycts a,b,c > 0 n abc > 1. JJokazaTn, uto a* + b3 + ¢ > a® + b? + c.
3. B Typuupe npunumasu ygacrue 2n, n > 2, KOMaH/[, KayK/Jas CbIl'paJia ¢ KaXK 0 JIpyroii o pa3 6e3
HUYBKUX. 3a MOpaykeHne KOMaH ia 1ojiydaer () 09KOB, a 3a 1Mobe/y — CTOJIBKO OYKOB, CKOJIBKO Y HeE J0
9TOro ObLIO nopazkenwuii. [Ipn Kakmx n Bce KOMaH/Ibl MOIVIM HAOPATh OJIHAKOBOE HEHYJIEBOE KOJUYIECTBO
OYKOB?
4. Ilycts D — cepeauna ocnoBannsa BC' paBnobeaperroro Tpeyroiabanka ABC, F — To4uka Ha CTOpOHE
AC rakas, auto ZCDE = 60°, M — cepequna DFE. Jlokasarb, uro ZAME = Z/BMD.
5. MoxxHo /i1 3an0JIHUTH KJIeTKH Tadbjumibl pazMepa 2019 x 2019 nmonapHO pas3sHbIMU HATYpaJIbHLIMU
YUCJIAMU TaK, 9TO B KaXKJIOM IPsAMOYTOJILHUKE pa3dMepa 1 X 2 mam 2 X 1 OoJblliee 9UCIO JEIUTCA Ha
MeHbIIIee, a OTHOIIEHNE HANOOJIBINEro Yrucia B Tab/mie K HauMeHbIeMy He npesbimaer 20197

Ha BrimosiHenue 3agaHust oTBoanTC 4 1aca. Kaxknas 3amata omnennBaercs B 7 6asIoB.

The eighteenth Kyiv mathematical festival
10-th form

1. A bunch of lilac consists of flowers with 4 or 5 petals. The number of flowers and the total number of
petals are perfect squares. Can the number of flowers with 4 petals be divisible by the number of flowers
with 5 petals?
2. Let a,b,c > 0 and abc > 1. Prove that a* + b + ¢ > o + % + c.
3. There were 2n, n > 2, teams in a tournament. Each team played against every other team once
without draws. A team gets 0 points for a loss and gets as many points for a win as its current number
of losses. For which n all the teams could end up with the same number of points?
4. Let D be the midpoint of the base BC of an isosceles triangle ABC, E be the point at the side AC
such that ZCDE = 60°, and M be the midpoint of DE. Prove that ZAME = ZBMD.
5. Is it possible to fill the cells of a table of size 2019 x 2019 with pairwise distinct positive integers in
such a way that in each rectangle of size 1 x 2 or 2 x 1 the larger number is divisible by the smaller one,
and the ratio of the largest number in the table to the smallest one is at most 20197

Time allowed: 4 hours. Each problem is worth 7 points.



