Cimuagngruii KuiBcbkuit marematunununii ¢pecTuBab
8-it kynac

1. HasBeMo 3amMKOoM KBaJipaT 2 X 2, OfHY 3 KJIITHHOK SKOT'O 3aiiMae Bexka. 7Ky HaWOLIbIIY KiJbKiCTh
3aMKiB MOYKHA, PO3TAIIYBATH Ha JOMIIL 7 X 7 Tak, a0W 3aMKU He MaJIM CILIbHUX KJIITHHOK Ta BCi BexKi
3HAXOIMIUCEH HA ITIaroOHAIIX JOUIKH !
2. Hexaii M — rouka neperuny mexmian AD ta BE upsmokytHoro tpukytHuka ABC (ZC = 90°).
Bigomo, o onucani kosa TpukyTtHukis AEM ta CDM norukaworbes. 3uaiitu Kyt ZBMC.
3. Koso nmogineno 2018 ToukamMu Ha piBHI YacTwHU. /[BO€ TpaBIiB IO 4Uep3i 3aKPeCcTaOTh Ii TOYKH.
[Iporpae rpaBelb, Mc/Id X0y AKOT0 MOXKHA MPOBECTH JiaMeTp KOJia Tak, IO 10 OJHY CTOPOHY Bl HBOTO
HEeMa€ He3aKPeCIeHUX TOYOK. XTO 3 T'PABIIB Ma€ BUIPAIIHY CTpaTeriio?
4. 3uaiiTu BCi HATYpaJIbHI 9MCIa N, AA9 AKHX HAfOLIbIMmi mpocTuit AiabHEK 4mcaa n? + 3 10piBHIOE
HaliMEHIITIOMY ITPOCTOMY JIILHHUKY unciaa nt + 6.
5. Ha croai Bukmazgeni y psig n (n > 10) kaprok 3 HOMepamu 1,2, ..., n 9ucjaMi BHH3 TaK, IO YHCJIA
Ha OYIb-IKHX CYCILAHIX KapTKaX BiAPI3ZHAIOTHCS NpHHAWMHI Ha 5. UM 3aBXKIM JTOCTATHLO NMEPEBEPHYTH
MOHAKOLIBIE N — H KAPTOK, abu Ji3HATHCH, Ha dKiil KapTii 3anucano Homep n? (Kaprky 3 unciaom n
epeBepraTu He 000B’sI3KOBO. )

Ha Burkonanus 3aBaaHHsa BiABOAWTHCS 4 TOMNMHU. Koxma 3amaga ominoerhcs B 7 OaiB.

Cemuaanatsiii Kuesckuit MmaremaTudeckuii pecTuBajb
8-i1 KJacc

1. HazoBém 3aMKOM KBajJipaT 2 X 2, OJHY U3 KJIETOK KOTOPOro 3anuMaer OarrHs. Kakoe mamboJibliee
KOJITIECTBO 3aMKOB MOYKHO Pa3MeCTUTh Ha JOCKe 7 X 7 Tak, YTOOBI 3aMKH He UMEJIH OOIIUX KJIEeTOK U
BCe OAllHU HAXOIUJIMCH HA JUATOHAJSIX JOCKHU?
2. ITycts M — rouka mepecedennst meauan AD n BE npsmvoyrosbaoro tpeyroabanka ABC (£ZC = 90°).
U3BecTHo, uTo onucamubie oKpykHuocTu TpeyroabaukoB AEM u C DM xacatorca. Haittu yron ZBMC.
3. OkpyxuOCTH NozeeHa 2018 ToukaMu Ha paBHBIE YacTh. JIBoe HIPOKOB 110 o4Yepeiu 3a4epKUBAIOT 3TH
Touku. [IpourpsiBaeT Hrpok, mocJIe X042 KOTOPOI'O MOXKHO IPOBECTH JUAMETP OKPYKHOCTH TaK, U4TO IO
OJIHy CTOPOHY OT HEr0 HET HE3aYePKHYTHIX TOYeK. KTO M3 UIPDOKOB MMEeT BBIMIPBINIHYIO CTPATETH0?!
4. HaiiTi Bce HATYpAIbHDLIC UHCIA N, 11 KOTOPHIX HANOOILIINI HPOCTOH ACINTe b Yicaa n’ + 3 papeH
HanMeHbIIeMy TPOCTOMY JleJuTeio ancaa nt 4 6.
5. Ha crose BeutOKeHbl B psiji 1 (n > 10) kaprovek ¢ HoMepamu 1,2,...,7n YUCJIaMU BHU3 TaK, 4TO
YHCIa HA JIOOBIX COCETHUX KapTOYKaX OTIMYAIOTCS XOTs Obl Ha 5. Beerma /i 10cTaTOYHO NEpPEeBEPHYTH
He Gostee m — 5 KaproUdek, 4roObl y3HATH, HA KAKOH Kaprouke samucan Homep n? (Kaprouky ¢ duciom
N MepeBOpavYnBaTh He 06S3aTeNbHO. )

Ha srimosinenue 3aganus orsoguTced 4 gaca. Karxgasa 3agaua onenuBaerca B 7 0aJIOB.

The seventeenth Kyiv mathematical festival
8-th form

1. A square of size 2 x 2 with one of its cells occupied by a tower is called a castle. What maximal

number of castles one can place on a board of size 7 X 7 so that the castles have no common cells and

all the towers stand on the diagonals of the board?

2. Let M be the intersection point of the medians AD and BE of a right triangle ABC' (£C = 90°). Tt

is known that the circumcircles of triangles AEM and C'DM are tangent. Find the angle ZBMC.

3. A circle is divided by 2018 points into equal parts. Two players delete these points in turns. A player

loses, if after his turn it is possible to draw a diameter of the circle such that there are no undeleted

points on one side of it. Which player has a winning strategy?

4. Find all positive integers n for which the largest prime divisor of n? + 3 is equal to the least prime

divisor of n* + 6.

5. There are n (n > 10) cards with numbers 1,2,... n lying in a row on a table, face down, so that the

numbers on any adjacent cards differ by at least 5. Is it always enough to turn at most n — 5 cards to

determine which of the cards has number n? (It is not necessary to turn the card with number n.)
Time allowed: 4 hours. Each problem is worth 7 points.



Cimuagngruii KuiBcbkuit marematunununii ¢pecTuBab
9-it kynac

1. HasBeMo 3amMKOM KBaJipaT 2 X 2, OHY 3 KJITHHOK SKOTO 3aiiMae Bexka. 7Ky HaWOLIbIIY KiJbKiCTh
3aMKIiB MOYKHA, PO3TAIIyBATH Ha JOMIII 7 X 7 Tak, a0W 3aMKU He MaJIM CILIbHUX KJIITHHOK Ta BCi BexKi
3HAXOIMIUCEH HA T1arOHAIAX JONIKH !
2. Hexaii M — rouka neperuny memian AD ta BE upsmokytHoro tpukytHuka ABC (ZC = 90°),
wy Ta we — ommcani kosa TpukyTHUKIB AEM ta CDM. Bigomo, 1o Koma w; Ta ws JOTHKAIOTHCH.
BHaiiTH BiIHOIIEHHS, B SKOMY KOJIO wy JuIHTh AB.
3. s nosinbaux x,y > 0 gosecrn, mo (z + 1)% + (y — 1)? > 24/2zy.
4. Yy icHyIoTh TaKi HATypaJbHi 4mcaa a Ta b, mo KoxkHe 3 umcena 2° + 3%, 3¢ + 5° ta 5% + 2° gimurnea
Ha 297
5. Koo nmoxineno 2019 Toukamu na piBHi yactunu. J/[Boe rpaBIliB 1o 4Yep3i 3aKPeCIOITH i TOYKH.
[Iporpae rpaBelib, Micjst XO/4y AKOTO MOYKHA MPOBECTH JiaMeTp KOJIa TaK, 10 10 OJIHY CTOPOHY Bij| HHOTO
HEMa€ He3aKPEeCJCHUX TOYOK. XTO 3 I'PABIIB Ma€ BUIPAIIHY CTpaTeriio?

Ha Bukonanng 3aBganusa BILABOIUTLCA 4 TOMWHU. Koxxma 3amaga ominoernesa B 7 6aiB.

Cemuagnareiii Kuesckuii maremarundeckuii pecTuBajb
9-i1 KJj1acc

1. HazoBém 3aMKOM KBaJpaT 2 X 2, OJHYy M3 KJIETOK KOTOPOro 3anumaer Oanrng. Kakoe mamnboJibIiee

KOJITYECTBO 3aMKOB MOYKHO Pa3MeCTUTh Ha JOCKe 7 X 7 TakK, 4TOObl 3aMKH HE UMEJIH OOIIUX KJIETOK U

BCe OAILIHN HAXOMWJINCH HA TUACOHAJIAX JOCKHU!

2. Ilycts M — Touka mepecedenust Meguan AD u BE npsimoyroibHoro tpeyroiasauka ABC (£C = 90°),

Wi M Wo — ONHCAHHBIE OKPYKHOCTH TpeyroabuukoB AEM uw C'DM. I3BecTHO, ITO OKPY?KHOCTH Wi H

wy Kacatorcs. Haittu orHOIeHne, B KOTOPOM OKPYZKHOCTD wy Jeut AB.

3. Jlng mobwix x,y > 0 gokasars, aro (z + 1)* + (y — 1)* > 2,/2xy.

4. CymiecTBYIOT JII TaKHe HATYpaJbHBIE 4HCAa a B b, 4T0 Kaykaoe m3 gmces 2° + 3%, 3¢ 4 5 »n 5% + 20

nenurcd Ha 297

5. OkpyxHOCTH nojeneHa 2019 ToukamMu Ha paBHBIe YacTh. JIBoe HIPOKOB 110 0UYepen 3a9epKHBAIOT 3TH

Touku. [IpourpeiBaer urpok, mocsjie xoa KOTOPOro MOXKHO MPOBECTH JUAMETDP OKPYZKHOCTH TaK, 9TO 110

OJIHYy CTOPOHY OT HEr0 HET HE3aYePKHYTHIX TOUeK. KTO M3 UIPDOKOB MMeeT BHIUTPHINIHYIO CTPATETHO?!
Ha srimosinenue 3ajganust orsoguTcd 4 gaca. Karxgas 3aga9a onenuBaercsa B 7 0aJJIOB.

The seventeenth Kyiv mathematical festival
9-th form

1. A square of size 2 x 2 with one of its cells occupied by a tower is called a castle. What maximal
number of castles one can place on a board of size 7 x 7 so that the castles have no common cells and
all the towers stand on the diagonals of the board?
2. Let M be the intersection point of the medians AD and BE of a right triangle ABC (ZC = 90°),
wi and ws be the circumcircles of triangles AEM and C'DM. 1t is known that the circles w; and wy are
tangent. Find the ratio in which the circle w; divides AB.
3. For every x,y > 0 prove that (z + 1)* + (y — 1)* > 2\/2zy.
4. Do there exist positive integers a and b such that each of the numbers 2¢ + 3, 3¢ 4+ 5% and 5% + 2 is
divisible by 297
5. A circle is divided by 2019 points into equal parts. Two players delete these points in turns. A player
loses, if after his turn it is possible to draw a diameter of the circle such that there are no undeleted
points on one side of it. Which player has a winning strategy?

Time allowed: 4 hours. Each problem is worth 7 points.



Cimuagngruii KuiBcbkuit marematunununii ¢pecTuBab
10-i1 knac

1. HasBeMo 3amMKOM KBaJipaT 2 X 2, OHY 3 KJITHHOK SKOTO 3aiiMae Bexka. 7Ky HaWOLIbIIY KiJbKiCTh
3aMKIiB MOYKHA, PO3TAIIYBATH Ha JOMIIL 7 X 7 Tak, a0W 3aMKU He MaJIM CILJIbHUX KJIITHHOK Ta BCi BexKi
3HAXOIMIUCEH HA T1arOHAIAX JONIKH !

2. Hexaii M — rouka neperuny memian AD ta BE upsmokytHoro tpukytHuka ABC (ZC = 90°),
wy Ta we — ommcani kosa TpukyTHUKIB AEM ta CDM. Bigomo, 1o Koma w; Ta ws JOTHKAIOTHCH.
3HaiiTH BiIHOIIEHHS, B SKOMY KOJIO wo JiuTh AC.

3. Yu icHyloTh Taki HATYpaJbHi 4nciaa a Ta b, mo KoxkHe 3 qucen 2% + 3%, 3¢ + 5° Ta 5% + 2° nimmTeed
Ha 297

4. Jlns nosinbuux z,y > 0 nosecrn, mo (z + 1)2 + (y — 1)2 > 2V

= 33"

5. Koso mogineno 2019 ToukamMu Ha piBHI JacTwHU. J[BO€ T'paBIiB MO Uep3i 3aKPecaoTh Ii TOYKH.
Burpae rpapenp, miciag Xoay SKOTO MOXKHA ITPOBECTH JTlaMeTp KOJa TaK, IO MO OJHY CTOPOHY BiJl HHOTO
HEMAE HE3aKPECJEHNX TOYOK. XTO 3 IPABIIB Ma€ BUTPAIIHY CTPATErii0?

Ha Burkonanus 3aBaaHHsa BiABOAWTHCS 4 TOMMHU. Koxma 3amaga ominoeThest B 7 OaiB.

Cemuaanatsiiit Kuesckuit maremaTudeckmii pecTuBab
10-it xJjacc

1. HazoBém 3aMKOM KBaJipaT 2 X 2, OJHY U3 KJIETOK KOTOPOro 3anuMaer OarrHs. Kakoe mamboJibliee
KOJIMIECTBO 3aMKOB MOXKHO Da3MeCTHTh Ha JOCKe 7 X 7 Tak, 4TOOBl 3aMKHU He WMeTd OOIIHUX KJIETOK U
BCe OaIlHM HAXOUIUCH HA JUATOHAJISIX JIOCKH?!

2. ITycts M — rouka mepecedennst meaunan AD u BE npsmvoyrosbaoro tpeyroabiuka ABC (ZC = 90°),
Wi M Wwo — OMHUCAHHBIE OKPYKHOCTH Tpeyroabuukos AEM uw C'DM. VI3BecTHO, 9TO OKPYKHOCTH Wi H
wo KacaroTcd. Haiitu orHOIIeHne, B KOTOPOM OKPYKHOCTD wy geaut AC.

3. CymlecTBYIOT JIM TaKne HATypaJbHbIe YUcIa a U b, 9T0 Kaxkaoe m3 uncesa 2¢ + 3%, 3¢ 4+ 5% u 5% + 2°
nenurcda Ha 297

4. JTna mobeix z,y > 0 gokazars, uro (z+ 1)2 + (y — 1)2 > %?y.

5. OkpyxkHOCTH mogenaeHa 2019 Touykamu Ha paBHble YacTH. J[Boe UI'POKOB IO OYepeu 3a4epKUBAIOT

9TU TOYKU. BHINTpBIBaET UTPOK, TOCTE XOJa KOTOPOTO MOYKHO TTPOBECTU AUAMETP OKPYKHOCTHU TaK, ITO

IO OJIHY CTOPOHY OT HEro HeT He3a4epPKHYTHIX TOYeK. KTO U3 HIPOKOB MMeeT BBIMI'PHIIIHYIO CTPATEr 0’
Ha srimosimenue 3aganns orsoguTced 4 daca. Karxgasa 3amaga onenuBaercda B 7 0aJLIOB.

The seventeenth Kyiv mathematical festival
10-th form

1. A square of size 2 x 2 with one of its cells occupied by a tower is called a castle. What maximal
number of castles one can place on a board of size 7 x 7 so that the castles have no common cells and
all the towers stand on the diagonals of the board?

2. Let M be the intersection point of the medians AD and BE of a right triangle ABC (ZC = 90°),
wi and wq be the circumcircles of triangles AEM and C'DM. Tt is known that the circles w; and wy are
tangent. Find the ratio in which the circle wy divides AC.

3. Do there exist positive integers a and b such that each of the numbers 2 4 3%, 3¢ + 5 and 5% + 2° is
divisible by 297

4. For every x,y > 0 prove that (z + 1)+ (y — 1)? > %?y.

5. A circle is divided by 2019 points into equal parts. Two players delete these points in turns. A player
wins, if after his turn it is possible to draw a diameter of the circle such that there are no undeleted
points on one side of it. Which player has a winning strategy?

Time allowed: 4 hours. Each problem is worth 7 points.



