
Ñiìíàäöÿòèé Êè¨âñüêèé ìàòåìàòè÷íèé ôåñòèâàëü

8-é êëàñ

1. Íàçâåìî çàìêîì êâàäðàò 2 × 2, îäíó ç êëiòèíîê ÿêîãî çàéìà¹ âåæà. ßêó íàéáiëüøó êiëüêiñòü
çàìêiâ ìîæíà ðîçòàøóâàòè íà äîøöi 7 × 7 òàê, àáè çàìêè íå ìàëè ñïiëüíèõ êëiòèíîê òà âñi âåæi
çíàõîäèëèñü íà äiàãîíàëÿõ äîøêè?
2. Íåõàé M � òî÷êà ïåðåòèíó ìåäiàí AD òà BE ïðÿìîêóòíîãî òðèêóòíèêà ABC (∠C = 90◦).
Âiäîìî, ùî îïèñàíi êîëà òðèêóòíèêiâ AEM òà CDM äîòèêàþòüñÿ. Çíàéòè êóò ∠BMC.
3. Êîëî ïîäiëåíî 2018 òî÷êàìè íà ðiâíi ÷àñòèíè. Äâî¹ ãðàâöiâ ïî ÷åðçi çàêðåñëþþòü öi òî÷êè.
Ïðîãðà¹ ãðàâåöü, ïiñëÿ õîäó ÿêîãî ìîæíà ïðîâåñòè äiàìåòð êîëà òàê, ùî ïî îäíó ñòîðîíó âiä íüîãî
íåìà¹ íåçàêðåñëåíèõ òî÷îê. Õòî ç ãðàâöiâ ìà¹ âèãðàøíó ñòðàòåãiþ?
4. Çíàéòè âñi íàòóðàëüíi ÷èñëà n, äëÿ ÿêèõ íàéáiëüøèé ïðîñòèé äiëüíèê ÷èñëà n2 + 3 äîðiâíþ¹
íàéìåíøîìó ïðîñòîìó äiëüíèêó ÷èñëà n4 + 6.
5. Íà ñòîëi âèêëàäåíi ó ðÿä n (n ≥ 10) êàðòîê ç íîìåðàìè 1, 2, . . . , n ÷èñëàìè âíèç òàê, ùî ÷èñëà
íà áóäü-ÿêèõ ñóñiäíiõ êàðòêàõ âiäðiçíÿþòüñÿ ïðèíàéìíi íà 5. ×è çàâæäè äîñòàòíüî ïåðåâåðíóòè
ùîíàéáiëüøå n − 5 êàðòîê, àáè äiçíàòèñü, íà ÿêié êàðòöi çàïèñàíî íîìåð n? (Êàðòêó ç ÷èñëîì n
ïåðåâåðòàòè íå îáîâ'ÿçêîâî.)

Íà âèêîíàííÿ çàâäàííÿ âiäâîäèòüñÿ 4 ãîäèíè. Êîæíà çàäà÷à îöiíþ¹òüñÿ â 7 áàëiâ.

Ñåìíàäöàòûé Êèåâñêèé ìàòåìàòè÷åñêèé ôåñòèâàëü

8-é êëàññ

1. Íàçîâ¼ì çàìêîì êâàäðàò 2 × 2, îäíó èç êëåòîê êîòîðîãî çàíèìàåò áàøíÿ. Êàêîå íàèáîëüøåå
êîëè÷åñòâî çàìêîâ ìîæíî ðàçìåñòèòü íà äîñêå 7 × 7 òàê, ÷òîáû çàìêè íå èìåëè îáùèõ êëåòîê è
âñå áàøíè íàõîäèëèñü íà äèàãîíàëÿõ äîñêè?
2. ÏóñòüM � òî÷êà ïåðåñå÷åíèÿ ìåäèàí AD è BE ïðÿìîóãîëüíîãî òðåóãîëüíèêà ABC (∠C = 90◦).
Èçâåñòíî, ÷òî îïèñàííûå îêðóæíîñòè òðåóãîëüíèêîâ AEM è CDM êàñàþòñÿ. Íàéòè óãîë ∠BMC.
3. Îêðóæíîñòü ïîäåëåíà 2018 òî÷êàìè íà ðàâíûå ÷àñòè. Äâîå èãðîêîâ ïî î÷åðåäè çà÷åðêèâàþò ýòè
òî÷êè. Ïðîèãðûâàåò èãðîê, ïîñëå õîäà êîòîðîãî ìîæíî ïðîâåñòè äèàìåòð îêðóæíîñòè òàê, ÷òî ïî
îäíó ñòîðîíó îò íåãî íåò íåçà÷åðêíóòûõ òî÷åê. Êòî èç èãðîêîâ èìååò âûèãðûøíóþ ñòðàòåãèþ?
4. Íàéòè âñå íàòóðàëüíûå ÷èñëà n, äëÿ êîòîðûõ íàèáîëüøèé ïðîñòîé äåëèòåëü ÷èñëà n2+3 ðàâåí
íàèìåíüøåìó ïðîñòîìó äåëèòåëþ ÷èñëà n4 + 6.
5. Íà ñòîëå âûëîæåíû â ðÿä n (n ≥ 10) êàðòî÷åê ñ íîìåðàìè 1, 2, . . . , n ÷èñëàìè âíèç òàê, ÷òî
÷èñëà íà ëþáûõ ñîñåäíèõ êàðòî÷êàõ îòëè÷àþòñÿ õîòÿ áû íà 5. Âñåãäà ëè äîñòàòî÷íî ïåðåâåðíóòü
íå áîëåå n − 5 êàðòî÷åê, ÷òîáû óçíàòü, íà êàêîé êàðòî÷êå çàïèñàí íîìåð n? (Êàðòî÷êó ñ ÷èñëîì
n ïåðåâîðà÷èâàòü íå îáÿçàòåëüíî.)

Íà âûïîëíåíèå çàäàíèÿ îòâîäèòñÿ 4 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.

The seventeenth Kyiv mathematical festival

8-th form

1. A square of size 2 × 2 with one of its cells occupied by a tower is called a castle. What maximal
number of castles one can place on a board of size 7 × 7 so that the castles have no common cells and
all the towers stand on the diagonals of the board?
2. Let M be the intersection point of the medians AD and BE of a right triangle ABC (∠C = 90◦). It
is known that the circumcircles of triangles AEM and CDM are tangent. Find the angle ∠BMC.
3. A circle is divided by 2018 points into equal parts. Two players delete these points in turns. A player
loses, if after his turn it is possible to draw a diameter of the circle such that there are no undeleted
points on one side of it. Which player has a winning strategy?
4. Find all positive integers n for which the largest prime divisor of n2 + 3 is equal to the least prime
divisor of n4 + 6.
5. There are n (n ≥ 10) cards with numbers 1, 2, . . . , n lying in a row on a table, face down, so that the
numbers on any adjacent cards di�er by at least 5. Is it always enough to turn at most n − 5 cards to
determine which of the cards has number n? (It is not necessary to turn the card with number n.)

Time allowed: 4 hours. Each problem is worth 7 points.



Ñiìíàäöÿòèé Êè¨âñüêèé ìàòåìàòè÷íèé ôåñòèâàëü

9-é êëàñ

1. Íàçâåìî çàìêîì êâàäðàò 2 × 2, îäíó ç êëiòèíîê ÿêîãî çàéìà¹ âåæà. ßêó íàéáiëüøó êiëüêiñòü
çàìêiâ ìîæíà ðîçòàøóâàòè íà äîøöi 7 × 7 òàê, àáè çàìêè íå ìàëè ñïiëüíèõ êëiòèíîê òà âñi âåæi
çíàõîäèëèñü íà äiàãîíàëÿõ äîøêè?
2. Íåõàé M � òî÷êà ïåðåòèíó ìåäiàí AD òà BE ïðÿìîêóòíîãî òðèêóòíèêà ABC (∠C = 90◦),
ω1 òà ω2 � îïèñàíi êîëà òðèêóòíèêiâ AEM òà CDM. Âiäîìî, ùî êîëà ω1 òà ω2 äîòèêàþòüñÿ.
Çíàéòè âiäíîøåííÿ, â ÿêîìó êîëî ω1 äiëèòü AB.
3. Äëÿ äîâiëüíèõ x, y ≥ 0 äîâåñòè, ùî (x+ 1)2 + (y − 1)2 ≥ 2

√
2xy.

4. ×è iñíóþòü òàêi íàòóðàëüíi ÷èñëà a òà b, ùî êîæíå ç ÷èñåë 2a + 3b, 3a + 5b òà 5a + 2b äiëèòüñÿ
íà 29?
5. Êîëî ïîäiëåíî 2019 òî÷êàìè íà ðiâíi ÷àñòèíè. Äâî¹ ãðàâöiâ ïî ÷åðçi çàêðåñëþþòü öi òî÷êè.
Ïðîãðà¹ ãðàâåöü, ïiñëÿ õîäó ÿêîãî ìîæíà ïðîâåñòè äiàìåòð êîëà òàê, ùî ïî îäíó ñòîðîíó âiä íüîãî
íåìà¹ íåçàêðåñëåíèõ òî÷îê. Õòî ç ãðàâöiâ ìà¹ âèãðàøíó ñòðàòåãiþ?

Íà âèêîíàííÿ çàâäàííÿ âiäâîäèòüñÿ 4 ãîäèíè. Êîæíà çàäà÷à îöiíþ¹òüñÿ â 7 áàëiâ.

Ñåìíàäöàòûé Êèåâñêèé ìàòåìàòè÷åñêèé ôåñòèâàëü

9-é êëàññ

1. Íàçîâ¼ì çàìêîì êâàäðàò 2 × 2, îäíó èç êëåòîê êîòîðîãî çàíèìàåò áàøíÿ. Êàêîå íàèáîëüøåå
êîëè÷åñòâî çàìêîâ ìîæíî ðàçìåñòèòü íà äîñêå 7 × 7 òàê, ÷òîáû çàìêè íå èìåëè îáùèõ êëåòîê è
âñå áàøíè íàõîäèëèñü íà äèàãîíàëÿõ äîñêè?
2. ÏóñòüM � òî÷êà ïåðåñå÷åíèÿ ìåäèàí AD è BE ïðÿìîóãîëüíîãî òðåóãîëüíèêà ABC (∠C = 90◦),
ω1 è ω2 � îïèñàííûå îêðóæíîñòè òðåóãîëüíèêîâ AEM è CDM. Èçâåñòíî, ÷òî îêðóæíîñòè ω1 è
ω2 êàñàþòñÿ. Íàéòè îòíîøåíèå, â êîòîðîì îêðóæíîñòü ω1 äåëèò AB.
3. Äëÿ ëþáûõ x, y ≥ 0 äîêàçàòü, ÷òî (x+ 1)2 + (y − 1)2 ≥ 2

√
2xy.

4. Ñóùåñòâóþò ëè òàêèå íàòóðàëüíûå ÷èñëà a è b, ÷òî êàæäîå èç ÷èñåë 2a + 3b, 3a + 5b è 5a + 2b

äåëèòñÿ íà 29?
5. Îêðóæíîñòü ïîäåëåíà 2019 òî÷êàìè íà ðàâíûå ÷àñòè. Äâîå èãðîêîâ ïî î÷åðåäè çà÷åðêèâàþò ýòè
òî÷êè. Ïðîèãðûâàåò èãðîê, ïîñëå õîäà êîòîðîãî ìîæíî ïðîâåñòè äèàìåòð îêðóæíîñòè òàê, ÷òî ïî
îäíó ñòîðîíó îò íåãî íåò íåçà÷åðêíóòûõ òî÷åê. Êòî èç èãðîêîâ èìååò âûèãðûøíóþ ñòðàòåãèþ?

Íà âûïîëíåíèå çàäàíèÿ îòâîäèòñÿ 4 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.

The seventeenth Kyiv mathematical festival

9-th form

1. A square of size 2 × 2 with one of its cells occupied by a tower is called a castle. What maximal
number of castles one can place on a board of size 7 × 7 so that the castles have no common cells and
all the towers stand on the diagonals of the board?
2. Let M be the intersection point of the medians AD and BE of a right triangle ABC (∠C = 90◦),
ω1 and ω2 be the circumcircles of triangles AEM and CDM. It is known that the circles ω1 and ω2 are
tangent. Find the ratio in which the circle ω1 divides AB.
3. For every x, y ≥ 0 prove that (x+ 1)2 + (y − 1)2 ≥ 2

√
2xy.

4. Do there exist positive integers a and b such that each of the numbers 2a + 3b, 3a + 5b and 5a + 2b is
divisible by 29?
5. A circle is divided by 2019 points into equal parts. Two players delete these points in turns. A player
loses, if after his turn it is possible to draw a diameter of the circle such that there are no undeleted
points on one side of it. Which player has a winning strategy?

Time allowed: 4 hours. Each problem is worth 7 points.



Ñiìíàäöÿòèé Êè¨âñüêèé ìàòåìàòè÷íèé ôåñòèâàëü

10-é êëàñ

1. Íàçâåìî çàìêîì êâàäðàò 2 × 2, îäíó ç êëiòèíîê ÿêîãî çàéìà¹ âåæà. ßêó íàéáiëüøó êiëüêiñòü
çàìêiâ ìîæíà ðîçòàøóâàòè íà äîøöi 7 × 7 òàê, àáè çàìêè íå ìàëè ñïiëüíèõ êëiòèíîê òà âñi âåæi
çíàõîäèëèñü íà äiàãîíàëÿõ äîøêè?
2. Íåõàé M � òî÷êà ïåðåòèíó ìåäiàí AD òà BE ïðÿìîêóòíîãî òðèêóòíèêà ABC (∠C = 90◦),
ω1 òà ω2 � îïèñàíi êîëà òðèêóòíèêiâ AEM òà CDM. Âiäîìî, ùî êîëà ω1 òà ω2 äîòèêàþòüñÿ.
Çíàéòè âiäíîøåííÿ, â ÿêîìó êîëî ω2 äiëèòü AC.
3. ×è iñíóþòü òàêi íàòóðàëüíi ÷èñëà a òà b, ùî êîæíå ç ÷èñåë 2a + 3b, 3a + 5b òà 5a + 2b äiëèòüñÿ
íà 29?
4. Äëÿ äîâiëüíèõ x, y ≥ 0 äîâåñòè, ùî (x+ 1)2 + (y − 1)2 ≥ 8y

√
xy

3
√
3
.

5. Êîëî ïîäiëåíî 2019 òî÷êàìè íà ðiâíi ÷àñòèíè. Äâî¹ ãðàâöiâ ïî ÷åðçi çàêðåñëþþòü öi òî÷êè.
Âèãðà¹ ãðàâåöü, ïiñëÿ õîäó ÿêîãî ìîæíà ïðîâåñòè äiàìåòð êîëà òàê, ùî ïî îäíó ñòîðîíó âiä íüîãî
íåìà¹ íåçàêðåñëåíèõ òî÷îê. Õòî ç ãðàâöiâ ìà¹ âèãðàøíó ñòðàòåãiþ?

Íà âèêîíàííÿ çàâäàííÿ âiäâîäèòüñÿ 4 ãîäèíè. Êîæíà çàäà÷à îöiíþ¹òüñÿ â 7 áàëiâ.

Ñåìíàäöàòûé Êèåâñêèé ìàòåìàòè÷åñêèé ôåñòèâàëü

10-é êëàññ

1. Íàçîâ¼ì çàìêîì êâàäðàò 2 × 2, îäíó èç êëåòîê êîòîðîãî çàíèìàåò áàøíÿ. Êàêîå íàèáîëüøåå
êîëè÷åñòâî çàìêîâ ìîæíî ðàçìåñòèòü íà äîñêå 7 × 7 òàê, ÷òîáû çàìêè íå èìåëè îáùèõ êëåòîê è
âñå áàøíè íàõîäèëèñü íà äèàãîíàëÿõ äîñêè?
2. ÏóñòüM � òî÷êà ïåðåñå÷åíèÿ ìåäèàí AD è BE ïðÿìîóãîëüíîãî òðåóãîëüíèêà ABC (∠C = 90◦),
ω1 è ω2 � îïèñàííûå îêðóæíîñòè òðåóãîëüíèêîâ AEM è CDM. Èçâåñòíî, ÷òî îêðóæíîñòè ω1 è
ω2 êàñàþòñÿ. Íàéòè îòíîøåíèå, â êîòîðîì îêðóæíîñòü ω2 äåëèò AC.
3. Ñóùåñòâóþò ëè òàêèå íàòóðàëüíûå ÷èñëà a è b, ÷òî êàæäîå èç ÷èñåë 2a + 3b, 3a + 5b è 5a + 2b

äåëèòñÿ íà 29?
4. Äëÿ ëþáûõ x, y ≥ 0 äîêàçàòü, ÷òî (x+ 1)2 + (y − 1)2 ≥ 8y

√
xy

3
√
3
.

5. Îêðóæíîñòü ïîäåëåíà 2019 òî÷êàìè íà ðàâíûå ÷àñòè. Äâîå èãðîêîâ ïî î÷åðåäè çà÷åðêèâàþò
ýòè òî÷êè. Âûèãðûâàåò èãðîê, ïîñëå õîäà êîòîðîãî ìîæíî ïðîâåñòè äèàìåòð îêðóæíîñòè òàê, ÷òî
ïî îäíó ñòîðîíó îò íåãî íåò íåçà÷åðêíóòûõ òî÷åê. Êòî èç èãðîêîâ èìååò âûèãðûøíóþ ñòðàòåãèþ?

Íà âûïîëíåíèå çàäàíèÿ îòâîäèòñÿ 4 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.

The seventeenth Kyiv mathematical festival

10-th form

1. A square of size 2 × 2 with one of its cells occupied by a tower is called a castle. What maximal
number of castles one can place on a board of size 7 × 7 so that the castles have no common cells and
all the towers stand on the diagonals of the board?
2. Let M be the intersection point of the medians AD and BE of a right triangle ABC (∠C = 90◦),
ω1 and ω2 be the circumcircles of triangles AEM and CDM. It is known that the circles ω1 and ω2 are
tangent. Find the ratio in which the circle ω2 divides AC.
3. Do there exist positive integers a and b such that each of the numbers 2a + 3b, 3a + 5b and 5a + 2b is
divisible by 29?
4. For every x, y ≥ 0 prove that (x+ 1)2 + (y − 1)2 ≥ 8y

√
xy

3
√
3
.

5. A circle is divided by 2019 points into equal parts. Two players delete these points in turns. A player
wins, if after his turn it is possible to draw a diameter of the circle such that there are no undeleted
points on one side of it. Which player has a winning strategy?

Time allowed: 4 hours. Each problem is worth 7 points.


