ABanaangaruit KuiBcbkuit maremaTuunuii pectuBaib
8-ii kyac

1. V 4 gmukax JexkaTh 24 sg01yKa. XpoOaK-ONTHMICT BIIeBHEHHUI, IO MOXKe 3’ICTH He OLIbINe ITOJTOBUHH
A6JIyK TakK, MO0 y JIedKuX 3 drmumKax g0IyK CTaao MopiBHY. Y MOXKe BUSBUTHCS, 1O BiH HeNMpaBmii?
2. Ilpu skux HAaTypasJbHHX N > 2 4ucjo n? MOXKHA HOJATH SK CyMy JEKLIBKOX PI3HHX HATYDPaJIbHHUX
qUCeT, siKi He MePeBUIyoTh 2n7
3. Hexaii ABCD napanenorpam (AB < BC'). Bicekrpuca kyra BAD neperunae cropony BC'y Toui
K, a bicekrpuca kyra ADC neperunae miaronanb AC'y touni F. Bimomo, mo KD | BC. JloBectu, 1o
KF 1 BD.
4. Enpza mamoe na kapri 2013 mict ta cnonydae gesxi 3 uux N goporavu. [lorim Ejbza ta Chiosi
0 4Yep3i 3aKPec/IIoTh MiCTa, HOKH He 3aJUIIUThCsS PIBHO j1Ba MicTta (mepime micto 3akpeciioe Eib3a).
ko i micra crosrydeni gopororo, To Burpae Enb3a, a skmio #i, To Chio3i. 3uaiitu naiiventie N, npu
axkoMy Eb3a Mae BHTpaIIHy CTpaTeriio.
5. Yn icHyIOTh TakKi HATypasbhi 4nmciaa a # b, mo a + b € KBagpaToM HaTypaJnbHOro ducia, a a’ + b e
YETBEPTUM CTEIEHEeM HATYPaJbHOIO YuC/aa’

Ha purkonanus 3aBAaHHs BiABOANTHCS 4 TOMMHMA. Koxna 3amaua omiroeThest B 7 6asTiB.

Benamiareiii KmeBckuit maTemarnyeckuii pectuBaib
8-i1 Kjacc

1. B 4 amukax Jjexar 24 g6jioka. HepBIK-ONTUMUCT YBEPEH, YTO MOXKET CheCTh He 00J/iee 10JIOBUHbI
si0JIOK TaK, 9TOOBI B HEKOTOPBIX 3 AMUKAX SI0JI0K CTaI0 MOPOBHY. MoZKeT Jin 0Ka3aThCst, 9TO OH He mpaB?
2. [Ipu KakuX HATypaJbHBIX 7 > 2 YHCJI0 N MOXKHO IIPeJCTaBATL KaK CYMMY HECKOJILKHMX PA3JHIHBIX
HATYPAJTbHBIX YHCEJI, He MPEBBIMAIONIIX 217
3. ITycrs ABC'D mapasnenorpam (AB < BC). Buccekrpuca yria BAD mepecekaer cropony BC' B
rouke K, a buccekrpuca yriaa ADC uepecekaer auaronasub AC B rouke F. Nssecrno, uro KD 1 BC.
Hokazath, uro KF' 1 BD.
4. Dyn3a pucyet Ha Kapte 2013 ropooB u coeaunsieT HekoTopbie n3 Hux N goporamu. [Torom Dib3a n
Cpi030 110 OUepe/in 3a4epKUBAIOT TOPOJIA, MOKA He OCTAHETCsl POBHO JIBa Topoja (MepBblii TOpoJL 3a4uep-
KUBaeT DJib3a). Ecm 9T ropojia CoeJuHEeHbl JOPOroif, TO BHIUTPLIBACT DJb3a, a ecju HeT, T0 ChIO3M.
Haiitu nanmenninee N, npu KOTOPOM DJib3a UMEET BBIUTPBINIHYIO CTPATErHUIO.
5. CymiecTByoT JIn Takue HaTypaJbHbIE YUCIa @ # b, 94T0 a + b — KBaJpar HATYPAJIbHOIO YHC/IA, a
a® + b® — deTBepTad CTENEHb HATYPATHLHOTO YHCIA?

Ha srinosinenne 3azanus oroauTcs 4 daca. Kaxkmasa 3amgaua omennpaeTcst B 7 6aJLIOB.

The twelfth Kyiv mathematical festival
8-th form

1. There are 24 apples in 4 boxes. An optimistic worm is convinced that he can eat no more than half of
the apples such that there will be 3 boxes with equal number of apples. Is it possible that he is wrong?
2. For which positive integers n > 2 it is possible to represent the number n? as a sum of several distinct
positive integers not exceeding 2n?
3. Let ABCD be a parallelogram (AB < BC'). The bisector of the angle BAD intersects the side BC
at the point K, and the bisector of the angle ADC intersects the diagonal AC' at the point F'. Suppose
that KD 1 BC. Prove that KF' | BD.
4. Elza draws 2013 cities on the map and connects some of them with N roads. Then Elza and Susy erase
cities in turns until just two cities left (first city is to be erased by Elza). If these cities are connected
with a road then Elza wins, otherwise Susy wins. Find the smallest N for which Elza has a winning
strategy.
5. Do there exist positive integers a # b such that a +b is a perfect square and a® + b? is a fourth power
of an integer?

Time allowed: 4 hours. Each problem is worth 7 points.



ABanaangaruit KuiBcbkuit maremaTuunuii pectuBaib
9-ii kjac

1. Jlis JoBUIBHUX JOJATHUX YUCEN a, b, ¢, d Takux, mo a+c¢ < ac ta b+d < bd, nosecru, mo ab+cd > 8.
2. [Ipu SKUX HATYPAJIBHUX 1 > 2 4uciI0 N’ MOMKHA MOJATH SK CYMY N Pi3HUX HATYPaJbHUX 4HCesI, dKi
HE TIEPEBUIILYIOThH 37”?
3. Hexaii ABCD napanenorpam (AB < BC'). Bicekrpuca kyra BAD neperunae cropony BC'y Touni
K, a 6icekrpuca kyra ADC neperunae miaronanb AC' y touni F. Bimomo, mo KD | BC. JloBectn, 1mo
KF 1 BD.
4. Enpza mamoe na kapri 2013 mict ta cnonydae meski 3 uux N goporavu. [lorim Ejnpza ta Ceiosi
0 9Yep3i 3aKPeCcIIoITh MiCTa, MOKH He 3aJUIMUThCsS PIBHO J1Ba MicTa (mepime micto 3akpeciioe Eib3a).
glKimo mi MicTa croJiydeHi Joporoio, To Burpae Enb3a, a gakio Hi, To Cbio3i. 3uaiitu Haiimenine N, mpu
axkoMy Eb3a Mae BHTpaIIHy cTpaTeriio.
5. Un icHYIOTh TaKi HATYpasbhi umciaa a # b, mo a + b € KBagpaToM HaTypalnbHOro dncia, a a’ + b e
YeTBEPTUM CTEIeHeM HATypPaJbHOrO YuC/Ia’

Ha purkomanus 3aBAaHHs BiABOANTHCT 4 TOMXMHMA. Koxna 3amaua omiHoeThCst B 7 6aJTiB.

Benammareiii KmeBckuit maTemarnyeckuii pectuBaib
9-11 KJacc

1. /lyig roObIX TOJIOXKUTETBHBIX YUCeT a,b, c,d Takux, 910 a + ¢ < ac u b+ d < bd, nmokasarb, 4TO
ab+cd = 8.
2. IIpu Kakux HATYPaJIbHBIX 1 > 2 YUCJI0 N2 MOZKHO HPEACTABUTH KAK CYMMY 7 PA3JIMUHbIX HATYPAJIbHbIX
YUCE/I, HE TTPEBBIIIAIONTUX ?’7"?
3. [Tycrs ABC'D mapasutenorpam (AB < BC). Buccekrpuca yria BAD mepecekaer cropony BC' B
rouke K, a buccekrpuca yrina ADC nepecekaer quaronasb AC B Touke F. N3sectno, uro KD | BC.
Joxkazarn, uro KF' 1 BD.
4. Dyb3a pucyer na kapre 2013 ropoyioB u coejunsier nekoropoie u3 uux N jgoporamu. [Torom Dib3a n
ChI031 110 OYepe/in 3a4epPKUBAIOT TOPOJIA, 0K He OCTAHEeTCsl POBHO J(Ba Topoja (IepBblii Topoj 3a4ep-
KuBaeT Dib3a). Ecam 9mu roposa coeuHEeHbl JOPOroii, TO BHIMTPhIBaeT Diib3a, a ecin HeT, T0 ChIO3M.
Haiitu nHanumenbiiee N, npu KOTOPOM DJib3a UMeET BLIUTPBIIIHYIO CTPATErHIio.
5. CyImecTByOT /I TaKHe HAaTypaJbHbIe YUCIa a # b, 910 a + b — KBajapaT HATypaJabHOTO 9HCJIA, a
a® 4+ b® — JeTBepTad CTeNeHb HATYPATBLHOTO YHCITA?

Ha srinosinenue 3aganus orsoguTca 4 gaca. Kaxkgas 3a1a4a onennBaeTcs B 7 0aJLJIOB.

The twelfth Kyiv mathematical festival
9-th form

1. For every positive a, b, ¢,d such that a + ¢ < ac and b+ d < bd prove that ab+ cd > 8.
2. For which positive integers n > 2 it is possible to represent the number n? as a sum of n distinct
positive integers not exceeding 37"?
3. Let ABCD be a parallelogram (AB < BC'). The bisector of the angle BAD intersects the side BC
at the point K, and the bisector of the angle ADC intersects the diagonal AC' at the point F'. Suppose
that KD 1 BC. Prove that KF' | BD.
4. Elza draws 2013 cities on the map and connects some of them with N roads. Then Elza and Susy erase
cities in turns until just two cities left (first city is to be erased by Elza). If these cities are connected
with a road then Elza wins, otherwise Susy wins. Find the smallest N for which Elza has a winning
strategy.
5. Do there exist positive integers a # b such that a + b is a perfect square and a® + b? is a fourth power
of an integer?

Time allowed: 4 hours. Each problem is worth 7 points.



ABanaangaruit KuiBcbkuit maremaTuunuii pectuBaib
10-ii kaac

1. Ilpu gKuX HATYpaJIbHEX N > 2 9HCJI0 N MOMKHA HOJATH AK CYMY N PI3HHX HATYpPaJIbHUX IHCEN, TKi
HE TePEeBUINYIOTh 37”?
2. Jlns moBiMbHUX JOJATHUX YHUCENT a, b, ¢, d Takux, mo a + ¢ < ac 1a b+ d < bd, noBectn, 1o
ab be cd da
> 4.

aib brec ctd dta’
3. Hexaii ABCD napanenorpam (AB < BC'). Bicekrpuca kyra BAD neperunae cropony BC'y touri
K, a 6icekrpuca kyra ADC neperunae miaronanb AC'y touni F. Bimomo, mo KD | BC. JloBectn, 1o
KF 1 BD.
4. Crpio3i masioe Ha kapri 2013 mict Ta cnosydae Jesiki 3 Hux N jgoporamu (aBa micra abo croJrydeni
€INHOIO JIoporoto, abo we crosydveni). [Torim Chio3i Ta Eab3a 1mo gepsi 3akpecaioTh MicTa, MOKH He
3aJIUIIATHCSA PIBHO JBa MicTa (mepire micto 3akpecaoe Cbio3i). ZIKImo mi Micra crnosydeHi 10porow, To
Burpae Eb3a, a gxiio Hi, To Chio3i. 3uaiiTu Haiimenme N, mpu gkomy Ejib3a Mae BUIpAIIIHY CTpaTeriio.
5. Un icHYIOTh TaKi HATypasbHi umciaa a # b, mo a + b € KBagpaToM HaTypalbHOro dncia, a a’ + b e
YeTBEPTUM CTEIIEHEM HATYPAJbHOIO 9HCIa’

Ha purkonanus 3aBaaHHs BiABOANTHCT 4 TOMMHHA. Koxxma 3amaga ominoerhes B 7 OaiB.

Benamnareiiit Kuesckuii MmaremaTudeckuii pecTuBajb
10-i1 kaacc

1. IIpu KaKuX HATYPATBHBIX 1 > 2 THCI0 N MOYKHO IPEICTABATH KAK CYMMY 1 PA3INIHBIX HATYPATLHBIX
4YUCe/I, HE TPEBbIIIAIONTUX ?’3”?
2. Jlnst 1r00BIX MOJIOXKHATEIbHBIX YHCEI 4, b, ¢, d Takux, 9ro a + ¢ < ac u b+ d < bd, nokasarh, 94T0O

ab be cd da -

a1b bic crd dia”
3. Ilycte ABC'D — napasnenorpam (AB < BC'). Buccekrpuca yria BAD nepecekaer cropony BC' B

rouke K, a buccekrpuca yriaa ADC nepecekaer auaronasub AC B rouke F. U3ssecrno, uro KD 1 BC.
Hoxkazath, uro KF' 1 BD.
4. Coio3u pucyer Ha kapre 2013 ropomoB u coeamnsier HeKoTopble W3 HEUX N joporamu (aBa ropoja
IJIN COeJINHEHbI e TMHCTBEHHOMN J0poroii, nim He coefunensl ). [lorom Chro3u u Diib3a 10 0vepe/Iu 3a9ep-
KHUBAIOT rOPOJIA, MOKA He OCTAHETCsI POBHO JBa ropoja (mepsbiii ropos 3auepkusaer Cobio3n). Ecin s1u
rOpOJia COEMHEHbBI JOPOroil, TO BHIMIPbIBAET DJib3a, a ecjin HeT, TO Cbio3u. Haittu Hanmenbmee N, npu
KOTOPOM JIb3a UMeeT BBIUI'PHIIIHYI0 CTPATErHO.
5. CyImiecTByOT JIn Takue HaTypaJbHBIE YuCIa @ # b, 94T0 a + b — KBaJpar HATYPAJIHHOIO YHC/IA, a
a® + b® — geTBepTad CTENEHb HATYPAJIBLHOTO THCIA’

Ha srinosinenne 3aganus orojauTcs 4 daca. Kaxkmas 3agada omennpaercs B 7 6aJLIOB.

The twelfth Kyiv mathematical festival
10-th form

2

1. For which positive integers n > 2 it is possible to represent the number n° as a sum of n distinct

positive integers not exceeding 37"?
2. For every positive a, b, ¢, d such that a 4+ ¢ < ac and b+ d < bd prove that
ab be cd da -

a1b bic crd dta’
3. Let ABCD be a parallelogram (AB < BC'). The bisector of the angle BAD intersects the side BC

at the point K, and the bisector of the angle ADC intersects the diagonal AC' at the point F'. Suppose
that KD 1 BC. Prove that KF' | BD.
4. Susy draws 2013 cities on the map and connects some of them with N roads (two cities are connected
with a single road or not connected). Then Susy and Elza erase cities in turns until just two cities left
(first city is to be erased by Susy). If these cities are connected with a road then Elza wins, otherwise
Susy wins. Find the smallest N for which Elza has a winning strategy.
5. Do there exist positive integers a # b such that a +b is a perfect square and a® + b? is a fourth power
of an integer?

Time allowed: 4 hours. Each problem is worth 7 points.




