
Äâàíàäöÿòèé Êè¨âñüêèé ìàòåìàòè÷íèé ôåñòèâàëü
8-é êëàñ

1. Ó 4 ÿùèêàõ ëåæàòü 24 ÿáëóêà. Õðîáàê-îïòèìiñò âïåâíåíèé, ùî ìîæå ç'¨ñòè íå áiëüøå ïîëîâèíè
ÿáëóê òàê, ùîá ó äåÿêèõ 3 ÿùèêàõ ÿáëóê ñòàëî ïîðiâíó. ×è ìîæå âèÿâèòèñÿ, ùî âií íåïðàâèé?
2. Ïðè ÿêèõ íàòóðàëüíèõ n ≥ 2 ÷èñëî n2 ìîæíà ïîäàòè ÿê ñóìó äåêiëüêîõ ðiçíèõ íàòóðàëüíèõ
÷èñåë, ÿêi íå ïåðåâèùóþòü 2n?
3. Íåõàé ABCD ïàðàëåëîãðàì (AB < BC). Áiñåêòðèñà êóòà BAD ïåðåòèíà¹ ñòîðîíó BC ó òî÷öi
K, à áiñåêòðèñà êóòà ADC ïåðåòèíà¹ äiàãîíàëü AC ó òî÷öi F . Âiäîìî, ùî KD ⊥ BC. Äîâåñòè, ùî
KF ⊥ BD.
4. Åëüçà ìàëþ¹ íà êàðòi 2013 ìiñò òà ñïîëó÷à¹ äåÿêi ç íèõ N äîðîãàìè. Ïîòiì Åëüçà òà Ñüþçi
ïî ÷åðçi çàêðåñëþþòü ìiñòà, ïîêè íå çàëèøèòüñÿ ðiâíî äâà ìiñòà (ïåðøå ìiñòî çàêðåñëþ¹ Åëüçà).
ßêùî öi ìiñòà ñïîëó÷åíi äîðîãîþ, òî âèãðà¹ Åëüçà, à ÿêùî íi, òî Ñüþçi. Çíàéòè íàéìåíøå N , ïðè
ÿêîìó Åëüçà ìà¹ âèãðàøíó ñòðàòåãiþ.
5. ×è iñíóþòü òàêi íàòóðàëüíi ÷èñëà a 6= b, ùî a + b ¹ êâàäðàòîì íàòóðàëüíîãî ÷èñëà, à a3 + b3 ¹
÷åòâåðòèì ñòåïåíåì íàòóðàëüíîãî ÷èñëà?

Íà âèêîíàííÿ çàâäàííÿ âiäâîäèòüñÿ 4 ãîäèíè. Êîæíà çàäà÷à îöiíþ¹òüñÿ â 7 áàëiâ.

Äâåíàäöàòûé Êèåâñêèé ìàòåìàòè÷åñêèé ôåñòèâàëü
8-é êëàññ

1. Â 4 ÿùèêàõ ëåæàò 24 ÿáëîêà. ×åðâÿê-îïòèìèñò óâåðåí, ÷òî ìîæåò ñúåñòü íå áîëåå ïîëîâèíû
ÿáëîê òàê, ÷òîáû â íåêîòîðûõ 3 ÿùèêàõ ÿáëîê ñòàëî ïîðîâíó. Ìîæåò ëè îêàçàòüñÿ, ÷òî îí íå ïðàâ?
2. Ïðè êàêèõ íàòóðàëüíûõ n ≥ 2 ÷èñëî n2 ìîæíî ïðåäñòàâèòü êàê ñóììó íåñêîëüêèõ ðàçëè÷íûõ
íàòóðàëüíûõ ÷èñåë, íå ïðåâûøàþùèõ 2n?
3. Ïóñòü ABCD ïàðàëëåëîãðàì (AB < BC). Áèññåêòðèñà óãëà BAD ïåðåñåêàåò ñòîðîíó BC â
òî÷êå K, à áèññåêòðèñà óãëà ADC ïåðåñåêàåò äèàãîíàëü AC â òî÷êå F . Èçâåñòíî, ÷òî KD ⊥ BC.
Äîêàçàòü, ÷òî KF ⊥ BD.
4. Ýëüçà ðèñóåò íà êàðòå 2013 ãîðîäîâ è ñîåäèíÿåò íåêîòîðûå èç íèõ N äîðîãàìè. Ïîòîì Ýëüçà è
Ñüþçè ïî î÷åðåäè çà÷åðêèâàþò ãîðîäà, ïîêà íå îñòàíåòñÿ ðîâíî äâà ãîðîäà (ïåðâûé ãîðîä çà÷åð-
êèâàåò Ýëüçà). Åñëè ýòè ãîðîäà ñîåäèíåíû äîðîãîé, òî âûèãðûâàåò Ýëüçà, à åñëè íåò, òî Ñüþçè.
Íàéòè íàèìåíüøåå N , ïðè êîòîðîì Ýëüçà èìååò âûèãðûøíóþ ñòðàòåãèþ.
5. Ñóùåñòâóþò ëè òàêèå íàòóðàëüíûå ÷èñëà a 6= b, ÷òî a + b � êâàäðàò íàòóðàëüíîãî ÷èñëà, à
a3 + b3 � ÷åòâåðòàÿ ñòåïåíü íàòóðàëüíîãî ÷èñëà?

Íà âûïîëíåíèå çàäàíèÿ îòâîäèòñÿ 4 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.

The twelfth Kyiv mathematical festival
8-th form

1. There are 24 apples in 4 boxes. An optimistic worm is convinced that he can eat no more than half of
the apples such that there will be 3 boxes with equal number of apples. Is it possible that he is wrong?
2. For which positive integers n ≥ 2 it is possible to represent the number n2 as a sum of several distinct
positive integers not exceeding 2n?
3. Let ABCD be a parallelogram (AB < BC). The bisector of the angle BAD intersects the side BC
at the point K, and the bisector of the angle ADC intersects the diagonal AC at the point F . Suppose
that KD ⊥ BC. Prove that KF ⊥ BD.
4. Elza draws 2013 cities on the map and connects some of them with N roads. Then Elza and Susy erase
cities in turns until just two cities left (�rst city is to be erased by Elza). If these cities are connected
with a road then Elza wins, otherwise Susy wins. Find the smallest N for which Elza has a winning
strategy.
5. Do there exist positive integers a 6= b such that a+ b is a perfect square and a3 + b3 is a fourth power
of an integer?

Time allowed: 4 hours. Each problem is worth 7 points.



Äâàíàäöÿòèé Êè¨âñüêèé ìàòåìàòè÷íèé ôåñòèâàëü
9-é êëàñ

1. Äëÿ äîâiëüíèõ äîäàòíèõ ÷èñåë a, b, c, d òàêèõ, ùî a+c 6 ac òà b+d 6 bd, äîâåñòè, ùî ab+cd > 8.
2. Ïðè ÿêèõ íàòóðàëüíèõ n ≥ 2 ÷èñëî n2 ìîæíà ïîäàòè ÿê ñóìó n ðiçíèõ íàòóðàëüíèõ ÷èñåë, ÿêi
íå ïåðåâèùóþòü 3n

2
?

3. Íåõàé ABCD ïàðàëåëîãðàì (AB < BC). Áiñåêòðèñà êóòà BAD ïåðåòèíà¹ ñòîðîíó BC ó òî÷öi
K, à áiñåêòðèñà êóòà ADC ïåðåòèíà¹ äiàãîíàëü AC ó òî÷öi F . Âiäîìî, ùî KD ⊥ BC. Äîâåñòè, ùî
KF ⊥ BD.
4. Åëüçà ìàëþ¹ íà êàðòi 2013 ìiñò òà ñïîëó÷à¹ äåÿêi ç íèõ N äîðîãàìè. Ïîòiì Åëüçà òà Ñüþçi
ïî ÷åðçi çàêðåñëþþòü ìiñòà, ïîêè íå çàëèøèòüñÿ ðiâíî äâà ìiñòà (ïåðøå ìiñòî çàêðåñëþ¹ Åëüçà).
ßêùî öi ìiñòà ñïîëó÷åíi äîðîãîþ, òî âèãðà¹ Åëüçà, à ÿêùî íi, òî Ñüþçi. Çíàéòè íàéìåíøå N , ïðè
ÿêîìó Åëüçà ìà¹ âèãðàøíó ñòðàòåãiþ.
5. ×è iñíóþòü òàêi íàòóðàëüíi ÷èñëà a 6= b, ùî a + b ¹ êâàäðàòîì íàòóðàëüíîãî ÷èñëà, à a3 + b3 ¹
÷åòâåðòèì ñòåïåíåì íàòóðàëüíîãî ÷èñëà?

Íà âèêîíàííÿ çàâäàííÿ âiäâîäèòüñÿ 4 ãîäèíè. Êîæíà çàäà÷à îöiíþ¹òüñÿ â 7 áàëiâ.

Äâåíàäöàòûé Êèåâñêèé ìàòåìàòè÷åñêèé ôåñòèâàëü
9-é êëàññ

1. Äëÿ ëþáûõ ïîëîæèòåëüíûõ ÷èñåë a, b, c, d òàêèõ, ÷òî a + c 6 ac è b + d 6 bd, äîêàçàòü, ÷òî
ab+ cd > 8.
2.Ïðè êàêèõ íàòóðàëüíûõ n ≥ 2 ÷èñëî n2 ìîæíî ïðåäñòàâèòü êàê ñóììó n ðàçëè÷íûõ íàòóðàëüíûõ
÷èñåë, íå ïðåâûøàþùèõ 3n

2
?

3. Ïóñòü ABCD ïàðàëëåëîãðàì (AB < BC). Áèññåêòðèñà óãëà BAD ïåðåñåêàåò ñòîðîíó BC â
òî÷êå K, à áèññåêòðèñà óãëà ADC ïåðåñåêàåò äèàãîíàëü AC â òî÷êå F . Èçâåñòíî, ÷òî KD ⊥ BC.
Äîêàçàòü, ÷òî KF ⊥ BD.
4. Ýëüçà ðèñóåò íà êàðòå 2013 ãîðîäîâ è ñîåäèíÿåò íåêîòîðûå èç íèõ N äîðîãàìè. Ïîòîì Ýëüçà è
Ñüþçè ïî î÷åðåäè çà÷åðêèâàþò ãîðîäà, ïîêà íå îñòàíåòñÿ ðîâíî äâà ãîðîäà (ïåðâûé ãîðîä çà÷åð-
êèâàåò Ýëüçà). Åñëè ýòè ãîðîäà ñîåäèíåíû äîðîãîé, òî âûèãðûâàåò Ýëüçà, à åñëè íåò, òî Ñüþçè.
Íàéòè íàèìåíüøåå N , ïðè êîòîðîì Ýëüçà èìååò âûèãðûøíóþ ñòðàòåãèþ.
5. Ñóùåñòâóþò ëè òàêèå íàòóðàëüíûå ÷èñëà a 6= b, ÷òî a + b � êâàäðàò íàòóðàëüíîãî ÷èñëà, à
a3 + b3 � ÷åòâåðòàÿ ñòåïåíü íàòóðàëüíîãî ÷èñëà?

Íà âûïîëíåíèå çàäàíèÿ îòâîäèòñÿ 4 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.

The twelfth Kyiv mathematical festival
9-th form

1. For every positive a, b, c, d such that a+ c 6 ac and b+ d 6 bd prove that ab+ cd > 8.
2. For which positive integers n ≥ 2 it is possible to represent the number n2 as a sum of n distinct
positive integers not exceeding 3n

2
?

3. Let ABCD be a parallelogram (AB < BC). The bisector of the angle BAD intersects the side BC
at the point K, and the bisector of the angle ADC intersects the diagonal AC at the point F . Suppose
that KD ⊥ BC. Prove that KF ⊥ BD.
4. Elza draws 2013 cities on the map and connects some of them with N roads. Then Elza and Susy erase
cities in turns until just two cities left (�rst city is to be erased by Elza). If these cities are connected
with a road then Elza wins, otherwise Susy wins. Find the smallest N for which Elza has a winning
strategy.
5. Do there exist positive integers a 6= b such that a+ b is a perfect square and a3 + b3 is a fourth power
of an integer?

Time allowed: 4 hours. Each problem is worth 7 points.



Äâàíàäöÿòèé Êè¨âñüêèé ìàòåìàòè÷íèé ôåñòèâàëü
10-é êëàñ

1. Ïðè ÿêèõ íàòóðàëüíèõ n ≥ 2 ÷èñëî n2 ìîæíà ïîäàòè ÿê ñóìó n ðiçíèõ íàòóðàëüíèõ ÷èñåë, ÿêi
íå ïåðåâèùóþòü 3n

2
?

2. Äëÿ äîâiëüíèõ äîäàòíèõ ÷èñåë a, b, c, d òàêèõ, ùî a+ c 6 ac òà b+ d 6 bd, äîâåñòè, ùî
ab

a+ b
+

bc

b+ c
+

cd

c+ d
+

da

d+ a
> 4.

3. Íåõàé ABCD ïàðàëåëîãðàì (AB < BC). Áiñåêòðèñà êóòà BAD ïåðåòèíà¹ ñòîðîíó BC ó òî÷öi
K, à áiñåêòðèñà êóòà ADC ïåðåòèíà¹ äiàãîíàëü AC ó òî÷öi F . Âiäîìî, ùî KD ⊥ BC. Äîâåñòè, ùî
KF ⊥ BD.
4. Ñüþçi ìàëþ¹ íà êàðòi 2013 ìiñò òà ñïîëó÷à¹ äåÿêi ç íèõ N äîðîãàìè (äâà ìiñòà àáî ñïîëó÷åíi
¹äèíîþ äîðîãîþ, àáî íå ñïîëó÷åíi). Ïîòiì Ñüþçi òà Åëüçà ïî ÷åðçi çàêðåñëþþòü ìiñòà, ïîêè íå
çàëèøèòüñÿ ðiâíî äâà ìiñòà (ïåðøå ìiñòî çàêðåñëþ¹ Ñüþçi). ßêùî öi ìiñòà ñïîëó÷åíi äîðîãîþ, òî
âèãðà¹ Åëüçà, à ÿêùî íi, òî Ñüþçi. Çíàéòè íàéìåíøå N , ïðè ÿêîìó Åëüçà ìà¹ âèãðàøíó ñòðàòåãiþ.
5. ×è iñíóþòü òàêi íàòóðàëüíi ÷èñëà a 6= b, ùî a + b ¹ êâàäðàòîì íàòóðàëüíîãî ÷èñëà, à a3 + b3 ¹
÷åòâåðòèì ñòåïåíåì íàòóðàëüíîãî ÷èñëà?

Íà âèêîíàííÿ çàâäàííÿ âiäâîäèòüñÿ 4 ãîäèíè. Êîæíà çàäà÷à îöiíþ¹òüñÿ â 7 áàëiâ.
Äâåíàäöàòûé Êèåâñêèé ìàòåìàòè÷åñêèé ôåñòèâàëü

10-é êëàññ
1.Ïðè êàêèõ íàòóðàëüíûõ n ≥ 2 ÷èñëî n2 ìîæíî ïðåäñòàâèòü êàê ñóììó n ðàçëè÷íûõ íàòóðàëüíûõ
÷èñåë, íå ïðåâûøàþùèõ 3n

2
?

2. Äëÿ ëþáûõ ïîëîæèòåëüíûõ ÷èñåë a, b, c, d òàêèõ, ÷òî a+ c 6 ac è b+ d 6 bd, äîêàçàòü, ÷òî
ab

a+ b
+

bc

b+ c
+

cd

c+ d
+

da

d+ a
> 4.

3. Ïóñòü ABCD � ïàðàëëåëîãðàì (AB < BC). Áèññåêòðèñà óãëà BAD ïåðåñåêàåò ñòîðîíó BC â
òî÷êå K, à áèññåêòðèñà óãëà ADC ïåðåñåêàåò äèàãîíàëü AC â òî÷êå F . Èçâåñòíî, ÷òî KD ⊥ BC.
Äîêàçàòü, ÷òî KF ⊥ BD.
4. Ñüþçè ðèñóåò íà êàðòå 2013 ãîðîäîâ è ñîåäèíÿåò íåêîòîðûå èç íèõ N äîðîãàìè (äâà ãîðîäà
èëè ñîåäèíåíû åäèíñòâåííîé äîðîãîé, èëè íå ñîåäèíåíû). Ïîòîì Ñüþçè è Ýëüçà ïî î÷åðåäè çà÷åð-
êèâàþò ãîðîäà, ïîêà íå îñòàíåòñÿ ðîâíî äâà ãîðîäà (ïåðâûé ãîðîä çà÷åðêèâàåò Ñüþçè). Åñëè ýòè
ãîðîäà ñîåäèíåíû äîðîãîé, òî âûèãðûâàåò Ýëüçà, à åñëè íåò, òî Ñüþçè. Íàéòè íàèìåíüøåå N , ïðè
êîòîðîì Ýëüçà èìååò âûèãðûøíóþ ñòðàòåãèþ.
5. Ñóùåñòâóþò ëè òàêèå íàòóðàëüíûå ÷èñëà a 6= b, ÷òî a + b � êâàäðàò íàòóðàëüíîãî ÷èñëà, à
a3 + b3 � ÷åòâåðòàÿ ñòåïåíü íàòóðàëüíîãî ÷èñëà?

Íà âûïîëíåíèå çàäàíèÿ îòâîäèòñÿ 4 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.
The twelfth Kyiv mathematical festival

10-th form
1. For which positive integers n ≥ 2 it is possible to represent the number n2 as a sum of n distinct
positive integers not exceeding 3n

2
?

2. For every positive a, b, c, d such that a+ c 6 ac and b+ d 6 bd prove that
ab

a+ b
+

bc

b+ c
+

cd

c+ d
+

da

d+ a
> 4.

3. Let ABCD be a parallelogram (AB < BC). The bisector of the angle BAD intersects the side BC
at the point K, and the bisector of the angle ADC intersects the diagonal AC at the point F . Suppose
that KD ⊥ BC. Prove that KF ⊥ BD.
4. Susy draws 2013 cities on the map and connects some of them with N roads (two cities are connected
with a single road or not connected). Then Susy and Elza erase cities in turns until just two cities left
(�rst city is to be erased by Susy). If these cities are connected with a road then Elza wins, otherwise
Susy wins. Find the smallest N for which Elza has a winning strategy.
5. Do there exist positive integers a 6= b such that a+ b is a perfect square and a3 + b3 is a fourth power
of an integer?

Time allowed: 4 hours. Each problem is worth 7 points.


